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Unravelin g the My stery of the Origin of M athematical
Problems: Usin g a Problem-Posin g Framework Wit h
Prospective Mathematics Teachers

José Contreras

In this article, I model how a problem-posing framework can be used to enhance our abilities to
systematically generate mathematical problems by modifying the attributes of a given problem. The
problem-posing model calls for the application of the following fundamental mathematical processes:
proving, reversing, specializing, generalizing, and extending. The given problem turned out to be a
rich source of interesting, worthwhile mathematical problems appropriate for secondary mathematics

teachers and high school students.

As a student and teacter of mathemaitcs, | was
intrigued about the origin of mathemaical problems,
egecially nontrivial problemswhose solutions are not
obtained by a formula or algorithm, problems that
somelow exterd the frontiers of our personal
mathematcal knowledge. When, as a studert, | solved
nonroutine textbook problems | thought, not only of
devising a plan or a solution, but also of how the
textbook auhors amd mathematciars gererated
mathematical problems Their origin remaned an
enigma to me until later when, as a teacher, my
curiosity led me to read The Art of Problem Posing
(Brown & Walter, 1990). This book provided insights
into the origin of matematcal problems and
motivated me to examine more closely the
relationships amang related problems In their book,
Brown and Walter propose the OWhat-ifOstrategy asa
gereric means to modify a given problem to creae
additional related problems Because | am a geomety
lover, | first applied Brown and WalterOsWhat-ifO
problemposing strategy to geametic problems As a
reault, | developed a problem-posing framework that
has guided my studerts and me to pose mathemaical
problems sygematically. This problem-posing
framework cals for the applicaion of the following
prototypical  problemposing strateges  proof
problems converse problems special problems,
gereral problems, and exterded problems | often use
the GeomeerOsSketchpad (GSP) (Jackiw, 2001) to
verify the rea®nakhlity of the requlting conjectures

The main purpose of this article is twofold. First, |
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model how the framework can be used to gererate
nonroutine matematcal problems from a given
problem and, as a consequerce, to discover
mathematical patterns and relationships. Secad, |
discuss some of the difficulties that my studerts,
prospecive  secandary  mathematcs  teacters,
experience when gererating mathemaitcal problems
The approach described below reflects the approach
that | have followed in class. Because the focus of this
article is on problem posing, proofs for mast of the
reaulting thearemsarenot provided

The Problem-Posing Framework in Action:
Generating Problems From a Problem Involving
| soscelesTri anglesand M edians

Mary mathematical problemsare rich sources of
additional related problems | illustrate the use of the
problemposing framework with the following
problem:

What special property do the medars
correonding to the congruent sides of an isosceles
triangle have?

Because problem posing and problem solving go
hand in hand, it is not only importart to pose problems
but also to solve them. Before engagng ourselves in
gereraing problems from this given problem, let us
solve it. As Figure 1 suggeds, the medars
correonding to the congruent sides of an isosceles
triangle seemto be congruert. A straightforward proof
shows that, indeed the conjecure is true, and,
therefae, it is a mathematcal thearem. Of course, we
can derive other conclusions: The medars of the
congruent sides of an isosceles triangle divide each
other in the ratio 2:1, they creak congruert triangles
etc.
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Figure 1. Medians of anisoscelestriangle

How can we gererake additional mathemaical
problemsfrom a given problem? Same problems can
be modified to gererat new problemsby applying the
following fundamertal mathematcal proceses
proving, reversng, specializing, gereralizing, and
extending. Swch proceses are fundamental to
mathematcs because they are common mears of
gereraing or edgalishing mathemaical knowledge.
By applying these processes we generat the following
typesof problems proof problems convers problems
special problems gereral problems and extended
problems (Figure 2). Every problem that can be
modified to gererat related problemsis called a base
problem.
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Figure 2. A problem-posing framework

As indicatd in Figure 2, in some caes we may
face a mathematical situation that does not contain a
mathematical problem, eg., we could have been asked
to gererak problems basd only on the geametic
diagamdisplayedin Figure 1. In these cases our first
tak is to formulate a matematical problem using
informaton containedin the situation.

Posing Proof and Converse Problems

As indicated by the framework, an importart type
of problem to gererak is a proof problem (i.e, a
problem asking for a proof). In some cass a problem
thatis not writtenin proof form canbe reformulated as
a proof problem. Proving is a critical acivity of doing
mathematcs First, proof is the fundamenal
mathematcal proces by which mathemaicians
edadish the validity of their claims amnd, as a
consequerce, the mears by which mathemaical
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knowledge is enlarged Secand, a proof allows us to
gain insights into why a mathematical thearem holds.
Finally, a proof guararties that our proof problem is
well posed in the serse that is solvade. That is,
reformulating a problem as a proof problem involves
more than changing the syntactc structure of the
problem: it implies that we either know that a proof
exists or we can develop a proof. Of course, if thisis
not the cae, we can always formulate a problem
begnning with the phrase Olf possible, prove thate. O
Our original problem above can be reformulated as a
proof problem as follows: Prove that the medars
correonding to the congruent sides of an isosceles
triangle arecongruert.

We canalso reverse a known and an unknown of a
problem to gererate a converse problem. In other
words, we formulate a converse problem when we
substitute a known attribute of a base problem by an
unknown attribute and vice versa. Why should we
consider formulating a converse problen? Genrerating
and invedigating the convers of a problemis also a
valuabe mathematical acivity. The converse of a
mathematcal problem is often a potertial averue for
discovering new mathematical relationships, thus
expanding mathematcal knowledge. While a direct
problem allows us to invedigate the necesary
conditions or properties of a mathematcal object, a
converse problem allows us to invedigate its suffi cient
conditions or properties In this way, we gain a more
complete charecterizaion of the properies of a
mathematcal object Every problem has the potertial
for gereraing one or more converse problems Of
course, in mary situations the realting converse
conjecture does not hold. In some of thes situations
we may need to impose additional conditions or
redrictions for the convers theorem to hold. In ary
event, we often broaden our mathemaical knowledge
by invedigating the converse of a problem

The convere of our medars problem follows:
Prove that a triangle with two congruent medars is
isosceles or, more specifically, prove that, in a triangle
with two congruent medars, the sides correonding
to the medars are congruert. As it is often the cas,
the proof of the corregponding converse thearem is
more challenging than the proof of the original
thearem. This caseis no exception. A proof follows:

Let AD and BE be two congruent med_ars of

triangle ABC (Figure 3). Since ADand BE are
medars we have that AE = EC and BD = DC. EuclidOs
fifth postulate allows constructing through B the

paralel line to AD . Let F be the point of intersection
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of this paralel lineto AD ard line ED. SinceD and E
are the midpoints of two sidesof a triangle, we know

that EF is paralel to AB. Therefore, quadilateral
ABFD is aparalelogram Asaconsequernce, BF = AD.
Since AD = BE, we know that BF = BE. Since the
opposite angles of a parallelogram are congruent we
have that 2BAD=/BFD. On the other hamnd,
" BFD #" BEF by the isosceles triangle thearem. By
the altermate interior angle theaem, /BEF = /ABE.
Thus, " BAD# ABE. Therefore, "ABD #" BAE by
the SAS congruence criterion. As a consequerce,
AE=BD, ard, herce, AC=BC. Thatis, "ABC is
isosceles

Figure 3. A triangle with two congruent medans
Posing Special Problems

Another potertial way to gererate mathematical
problemsis through specializaion. We accomplish this
by substituting for a mathematical objector attribute of
the base problem with a particular examgde or case of
the original mathematcal object or attribute. In a
special problem we impose additional redrictions on
one or more of the attributes A compelling rea®n for
gereraing special problemsis that, in some situations,
specializing a problem allows us to detect implicit
relationships amag mathematcal concepts that arenot
apparen at first sight. In other caes specializing a
problem permits us to find stronger relationships
amag the involved problem attributes By detecting
implicit relationships or finding stronger relationships
between or amamg problem atributes our
mathemat cal knowledge becanesdeefer.

Prove that the medians corresponding to the congruent sides of an
isoscel es triangle are congruent.

Angle bisectors Equilatera Parallelogram
Altitudes Right Rhombus
Perpendicul ar bisectors Scalene

Figure 4. Paertial changesto the original base
problem

How canwe gererak a special problem?A useful
ideais to underline the attributes of the base problem
that can be changed, list some possible changes ard
examine which attributeshave special cages(Figure 4).
For this problem,the attribute that hasa special ca is
isosceles Therefore, we canpose a probleminvolving
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equilateral triangles becatse an equilateral triangle is a
special cae of an isosceles triangle. Our special
problem can be formulated as follows: Prove that the
medans of an equilateral triangle are congruert
(Figure5).

Figure 5. The medars of anequilateraltriangle

We can also formulate ard prove the convers of
the previous problem but | will leawe this tak to the
reackr. Of course, other special problems can be
gererakd (e.g., prove that the medars correponding
to the congruent sides of a right isoscelestriangle are
congruen). The above special problem is exemplary
becawse an isosceles triangle is defined as a triangle
with at least two congruert sides while an equilateral
triangle is defined as a triangle in which all sidesare
congruert. In addition, the correponding thearem for
equilateral triangles reveals additional properties about
the medars (i.e., the three medans are congruernt)
while the correponding thearem for right isosceles
triangles does not reveal any additional or implicit
propertiesabout the medans of the congruert sides

Posing Gereral Problems

Another potertial source of mathematical problems
is gereraization. We create a gereral problem by
substituting a mathematical object or attribute of the
base problem with another for which the original is an
examfde. A compelling rea®n for formulating a
gereral problem is thatin some gereral cagsthe same
relationship holds while in others a weaker or more
subtle relationship exists. Of course, in other gereral
ca®s there is not a relationship at all. In arny ca<,
mathematciars, assearchersof mathemaical patterrs,
warnt to discover all possible relationships and the
conditions under which a relationship exists or does
not exist. As we relax our original conditions, we gain
a more complete underdarnding of the properties of
mathematcal objects.

mBE=262an mCA=179an
mAD=203an mBC=261an

mCF=170an mAB=291am

Figure 6. The medars of atriangle

17



Becawse | proved that a triangle is isoscelesif ard
only if two medanrs are congruert, | will pose the
gereral problem in an openended format Is there a
relaionship amag the medars of a triangle? As
Figure 6 shows, there is not an apparent relationship
amag the medans of a scalere triangle. However, by
measiring the lengths of the sides of the triangle a
more elusive, subtle relationship may be noticed In
ary triangle, the longes medan corregponds to the
shorteg side and vice versa. Sure, this relationship
involves more than medans, but it is still a valid
gereraizaion from the original statemen. By
specializing this new genreral relationship for isosceles
triangles we obtain our former relationship involving
the congruerce of two of the medans of anisosceles
triangle asthe following argument shows.

Let ABC be anisosceles triangle with AC = BC

ard medars AD and BE (Figure 1). If AD>BE
then AC>BC, which contradcts our hypotheds. A
similar contradction exists if AD < BE. Therdore,
AD =BE.

| should confess that | did not discover this gereral
relationship by myself. | discovered it when | was
looking for a proof of a related challenging problem
(preserted below) that | gereratd by modifying other
attributesof the original problem.

Posing Exterded Problems

Another potertial source of mathematical problems
is extersion. We pose an extended problem when we
substitute a mathematical object or attribute of a base
problem by another similar or amalogous mathematcal
object or attribute. In this cag, none of the
mathematical object is a special ca® of the other.
Why should we consider gererating extended
problems After all, at this point we might have
alread/ formulated a gereral relationship as well a
special one. A compelling rea®n is that, in some
situations, the samerelationship exists for an extended
cag while in othersa similar or aralogous relationship
exists. If the extended situation is a special cas of the
gereral case, we may discover a stronger relationship
thanthe gereralrelationship or we mayfind animplicit
relaionship. If the extended situation is not a special
cas of the gereral cas, we may find that the sameor a
similar relatonship exists. In any even,
mathematciars, as searchers of mathematcal patterns
and relationships, wart to discover, examine, or
charecterize all possible relationships that exist
between specific mathematcal objects. Extersion is a
common mears of enlarging mathematcal knowledge.
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Since a right triangle is not a special cas or a
gereral cae of anisoscelestriangle, we may say that a
right triangle is an extended cas of an isosceles
triangle. As | reflected on how to pose a problem
involving a right triangle, | rememkered that the
medan correonding to the hypoteruse is half aslong
as the hypoteruse and that the hypoteruse is the
longed side of a right triangle. As a realt of this
thinking, | gererakd the following extended problem:
Prove that the medanrs of a right triangle are greatr
than or equal to half the length of the hypotenuse. As
we can notice, the problem takes advartage of
propertiesof both scalene and right triangles reaulting
in a stronger relationship for right triangles than for
gereric scalere triangles

Posing Further Exterded Problems

So far we have posed problemsinvolving special,
gereral and exterded cases of an isosceles triangle.
We can continue generaing problems by modifying
other problem attributes as indicatd in Figure 4. To
distinguish these new problems from the extended
problem genrerated previously, | cal the new gererated
problemsfurther extiended problemns. Notice, however,
that we can distinguish betweenexterded ard further
extended problems only when (a) one of the problem
attributes has special, gereral and extended cags ard
(b) thereis another attribute that canbe changed. In the
presert situation, (a) an isosceles triangle has special
caes(eg., anequilateraltriangle), gereral caes(i.e., a
scalere triangle), and exterded cases (e.g., a right
scalere triangle) and (b) other attributes can be
changed(eg., medars.)

Instead of medars, we can consider related
attributes such as altitudes argle bisecbors, ard
perperdicular bisectors. However, since thes
geametic figuresare linesor rays, they do not have a
finite length. To circumvert this obstacle, and at the
same time salvage our potertial problem, we can
consider the length of an altitude asthe distance from
the corregponding vertex to the opposite (extended)
side (eg., BE in Figure 7) of atriangle. The length of
an argle bisecor canbe definedin a similar way (eg.,
AD in Figure 7). The length of a perpendicular
bisecor, however, is more troublesome because a
perpendicular bisecor intersects both of the other two
(exterded) sides of a non-right triangle. To elude this
problem, | defined such a lemgth as the distance
between the midpoint of the segmert and the point of
intersecion of the perperdicular bisector with the
adacen side or its extension following a clockwise
direcion (eg., FG in Figure 7). Notice that for right
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triangles the length of the perpendicular bisecor of
onelegisstill infinite.

Figure 7. Examplesof lengths of altitudes(BE), angle
bisecors (AD), and perpendicular biseciors (FG)
associatedto atriangle.

Using this definition, | was still not abe to find
ary significart relationship betweenthe lengths of the
perpendicular biseciors of the congruent sides of an
isoscelestriangle. However, as suggeged by Figure 8,
there is, indeed, a relationship involving the
perperdicular bisectors of the sides of an isosceles
triangle: EG = DF and El = DH. This discoveryled me
to redefine the length of the perpendicular bisectors of
the congruent sidesof anisoscelestriangle in two ways
as suggeded by Figure 8. One way involves defining
the length of the perpendicular bisecor of a congruert
side as the distance between the correponding
midpoint and the point of intersecton with the other
congruern side or its extersion (DF and EG in Figure
8). Another way involvesdefining such aslength asthe
distance betweenthe corregponding midpoint and the
point of intersecion with the (extended) bas of the
triangle (DH and El in Figure 8). Notice that in each
ca® the length of the perpendicular bisecor of one of
the congruent sidesis measired to the adacen side
clockwise while the length of the perpendicular
bisector of the other congruent side in measured to the
adacer side counterclockwise.
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Figure 8. Lengths of the perperdicular bisectbors of the
congruen sidesof anisoscelestriangle

As a reallt of defining the lengths of altitudes
argle bisecors, and perperdicular bisectors as
de<cribed above, we can pose some further extended
problemsof our original base problem (Figure 9).
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Prove that the altitudes correponding to the congruent
sidesof anisoscelestriangle arecongruert.

If atriangle is isosceles prove that the lengths of the
angleshisecirs of the congruent anglesareequal.

Prove that the perpendicular biseciors of the congruert
sidesof anisoscelestriangle arecongruent (Figure 8).

Figure 9. Some further extended problems of the
original base problem

As suggeged by the framework, eachof the further
extended problems displayed in Figure 9 canbe taken
as a bae problem to gererat additional convers,
special, gereral, and exterded problems Figure 10
displays some reaulting thearems related to triangles
and altitudes Similar problems can also be posed for
angle bhisecors and perpendicular bisectors. Figure 11
displays a further extended problem and its solution
that, with guidance, my studerts have solved

A triangle is isosceles if and only if the altitudes
corresponding to the congruert sidesare congruert.

A triangle is equilateral if and only the three altitudes
arecongruert.

In arny triangle, the longed altitude corregponds to the
shorted side and viceversa.

Figure 10. Thearemsrelatedto trianglesard altitudes

Prablem: Let DF and EG be the perpendicular
bisecibors of two sidesof atriangle asindicaied on the
figure.If DF = EG, provethat AABC isisosceles

Since ED is a mid-segmert of AABC we know that
ED is paralel to AB. Construct EI and DH

perperdicular to AB as indicatd on the figure.
AEGI = ADFH by the HL congruence criterion. This
implies that AAEG= ABDF by the ASA congruence
criterion. Therdore, LEAG=/DBF, which implies
that " ABC isisosceles

Figure 11. A problem involving a triangle with
congruent perpendicular biseciors ard its solution
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A challenging problem that | myself wasnot abe
to solve is asfollows: If atriangle hastwo congruent
angle biseciors, prove thatit isisosceles Because all of
my attempts were futile, | proposed this problem to
some of my colleagies one of which is a
matemaician, but none could solve it. An internet
search revealed that this problem is a clasic and
challenging problem in Euclidean geametry with an
interesing history. This problem is known as the
Steiner-Lehmus problem. A short historical sketch can
be found in Lewin (1974), and a simple and elegant
proof is provided by Coxeter (1969). CoxeterOsproof
usesthe thearem stating that if a triangle hastwo non-
congruen angles thenthe greaer angle hasthe shorter
arngle bisecor. This thearem inspired me to formulate
the subtle gereraizaion amag the medans and sides
of agereric triangle mertionedahove.

We can continue gereraing problems by
considering the exterior angles of a triangle ard
defining the length of anangle bisector asthe distance
from the vertex of the angle to the point of intersection
of the exterior angle bisecior with the extersion of the
side opposite that vertex (eg., AD in Figure 12). One
such problem canbe formulated asfollows: Prove that
the angle bisecbors of the exterior anglesof anisosceles
triangle are congruert (Figure 12). Again, we cantake
this problem as a base problem to gererat additional
problems For examgde, we canformulate its converse
asfollows: Two exterior angle biseciors of triangle are
congruert. Is the triangle necesarily isosceles? Justify
your regonse. | formulated this problem in an open
erded form because, even though | was OsrreOthat a
triangle with two congruert exterior anglesisisosceles
| was not able to develop a proof in spite of strenuous
efforts. Again, | proposed this problemto some of my
colleagies but the solution remaned elusive. (I
challerge the reader to solve this problem before
continuing readng. Hint: Use interactve geamety
software!) | was so sure that the triangle is isosceles
that | did not attemg immedately to find a
counterexample with GSP. After working frantically
on this problem for a couple of weeks, | did use GSP
and | wasamazedfor what | discovered The mystery
of the equal exterior angle bisectors problem was
reveakd before my eyes As Figure 13 suggeds, there
are some non-isosceles triangles with congruent
exterior argle bisectors. This discovery inspired meto
pose the following quedion that | am still trying to
invedigate: Is there a necesary and sufficiert
condition for a triangle to have two congruert exterior
arngle bisecors? If so, whatisit?
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Figure 13. A triangle with two congruent exterior
angle bisectors

To continue gererating additional related problems
we canextend some of the previous ideasto geometric
figures other than triargles (eg., parallelograms,
trapezdds, etc.). We canalso challenge our definitions
for the lengths of medars, altitudes angle bisectors,
efc. For medars, we canconsider the distance from the
vertex of a triangle to the certroid or to the
circumscribed circle along the medan (Figure 14). As|
did this, | was abe to gererate additional problems
and, as a consequerce, | was ade to discover ard
prove more mathematical relationships. Needess to
say, | am still trying to solve some of thes problems
Without a doubt, gereraing problems may became
interminabdle when each new problem becomes the
source of additional problems

AG =159am
BG =159an
AH =355am
Bl=355amn

Figure 14. Congruen segmerts related to medans of
anisoscelestriangle
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Same Prospedive Secandary Mathematics
TeachersOT hinking and Diffi cultiesWhen Worki ng
on Problem-Posing Tasks

The problem-posing tasks described in this article
have been implemerted with prospecive secandary
mathematics teaclers errolled in a cdlege geomety
course desgned for them | have implemented the
problemposing taks using two formats. a student-
certeredapproach and aninstructor-centeredapproach
| use the student-certered approach after the studerts
have had some experience with at lea$ one problem-
posing tak. In this approach studerts pose most of the
problems using the problemposing framework as a
guide. Performing the problem-posing tasks de<ribed
in this article usually lags more than two class periods
(about 3 hours). | use the instructor-certered approach
when students have not had any experience posing
problems In this cae | model how to pose problems
using the problem-posing framework asa guide.

Prospecive secondary mathemaics teactersO
ahlities to gererae problems are underdeveloped
(Contreras & MartnezCruz, 1999). Their aporoaches
to gererak problems tend to be unsystematc, ad-hoc,
and nongereraizalbe. In addition, their gererated
problemstend to be trivial and unproductive to pursue
(Knuth, 2002). For examde, | aked my studerts to
modify the following problem to pose different but
related mathematical problemsor quedions: Prove that
the medars corresponding to the congruent sidesof an
isosceles triangle are congruert. Among the problems
posed were: What is a medarn? How mary congruert
sidesdoes anisoscelestriangle have? How difficult is
it to prove?

The problem-posing strateges de<ribed in this
article are prototypical strateges that can be used
sysenatically in a variety of problem situations to
gererake worthwhile mathematcal problems Yet, as|
have noticed with my students, without adequate
experiences studerts rarely use thes prototypical
strategesto gererak problems. Therefore, there seems
to be a needto provide studernts with experiencesin
gereraing proof problems converse problems, special
problems gereral problems and extended problems.
Prospecive secandary mathematics teachersOthinking
and diffi culties with eachof thes problem types are
elaborated below.

Proof Problems

As stated above, proving is a fundamenal
mathematcal proces that permeates matemaical
thinking and research In fact, a proposition for whicha
proof hasnot beendevelopedis called a conjecture ard
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not a thearem. Even though proof is a vital part of
mathematics my studerts are often reluctart to pose
proof problems For example, Contrerasand Mart' nez-
Cruz (1999) asked 17 prospecive secondary
mathematics teaclers to pose problemsrelated to each
of four given geometic situations. The researclers
found that only one studert out of 17 generatd a proof
problem for one geometic situation. Even after
instruction, students awoid developing a proof
corresponding to a proof problem. In addition, many of
themdo not use the full power of a proof whenadapted
to a special ca. In other words, they do not egalish
the truth of special thearems as corollaries of more
gereralthearems

To illustrate, after my studerts proved that the
medans corregponding to the congruert sides of an
isoscelestriangle are congruert, most of them did not
use this thearemto prove that the three medars of an
equilateral triangle are congruert. Instead they
provided a proof from scratch. Only a couple of
students usedanargumert along the following lines

Since AC = BC (Figure 5) we know that AD = BE
becawse the medans corregponding to the congruent
sides of anisoscelestriangle are congruert. Applying
the same thearem again, we conclude that BE = CF
becawse AB = AC. In conclusion, AD = BE = CF.

This research and personal experience sugges that
students should have extersive experiencesposing and
solving proof problems

Converse Problens

From a problem-posing persective, the critical
mathematical proces of reverdng involves gereraing
a convere problem. Whereas converse problems
permeate mathemaitcal thinking and resarch, it is not
natural for studerts to gererat them. For examge,
Contreras and MartnezCruz (1999) found that
students gereratd only one convers problem out of
more than 68 potertial converse problems. Idealy,
each of the 17 studernts could have generaed a
convere problem for each of the four geametric
situations.

In addition, formulating the converse of a problem
is challenging for some students. Some of my studerts
have formulated the converse of the problem Ohe
medans corregponding to the congruert sides of an
isosceles triargle are congruentO as follows Of the
medans corregponding to the congruent sides of a
triangle are congruernt, prove that the triangle is
isosceles.ONotice that these studerts are assuming that
the triangle is alread/ isosceles Examples like this
emphasze how critical it is that studernts have a wide
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range of experiences posing converse problems of
varying diffi culty.

Spoecial Problems

Specializing a mathemaical problem allows us to
invedigate implicit or stronger relationships between
or amag the corregponding problem attributes Y et,
my experience has shown that studerts rarely consider
specializing as a problem-posing strategy. In addition,
the way a problem is formulated affects the quality of
the gererated special problem.

The following problem was posed to a group of
secandary mathematics majors errolled in a geomety

class: OIf AD ard BE arethe medars correponding
to the congruent sides of an isosceles triargle ABC,

prove that AD" BE.O When asked to gererae a
special problem, all studerts formulated a problem like

this: OIf AD and BE arethe medans corregponding to
the congruert sides of an equilateral triangle ABC,

prove that AD = BE.OWhile this may be a well-posed
problem, it doesnot prompt us to invedigate whether a
stronger relationship holds for the special case, which
is one of the assets of gereraing a special problem.
Swch eviderce suggeds that studerts should be givena
broad variety of experiences in gereraing special
problems

General Problens

Degite the importance of gereraizing, Contreras
and Mart'nezCruz (1999) found that the 17 students
only gereratd 38 gereral problems out of more than
100 possible gereral problems That is, eachstudert
had the opportunity to gererak at leas 6 genreral
problemsfor the four geametric situations.

In addition, gereraing well-posed gereral
problems is challenging for some studerts. While
students gereraing ill-posed problems provides
pedagogical opportunities thes problemsoften reveal
that studerts do not fully undergand the connections
amag the discovered relationships or the structural
agecs of the problem. For example, some of my
students formulated the following genreral problem
relatedto the previous problem: Prove that the medans
of atriangle are congruert. Thisill-posed problemwas
gereraked after my studerts and | egabished that a
triangle with two congruert medars is isosceles Of
course, we can reformulate the ill-posed problem asa
well-posed problem as follows: (Does a (gereric)
triarngle have congruent medans? Prove your arswerO
or Olsthere a relationship amang the medars of a
(gereric) triargle? Justify your regponseO If our
students have adequate experierncesin posing gereral
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problems they may gain the expertise necesary to
overcane their difficulties and, as a realt, more
frequently pose gereral problems

Extended Problems

My experience suggeds that studerts do not often
extend matemaical problems. When they do, they
somelimes gererate ill-posed extended problems For
examgde, some studerts have gererated the following
extended problem: prove that the medars of a right
triangle are congruert. Thus, providing students with
opportunitiesto pose extended problens is essertial.

Refl ection and Conclusion

Mathemaiciars (eg., Halmos, 1980; Pdya, 1954),
mathematcs educabrs (e.g., Brown & Walter, 1990;
Frewerthal, 1973), the National Council of Teacters
of Mathemaitcs (NCTM, 1989, 2000) and the National
Resach Council (Kilpatrick, Swafford, & Findell,
2001) consider problem posing as a core element of
mathematical proficiency. The Principles and
Sandards for School Matheratics (NCTM, 2000), for
exampe, calls for teactersto reqularly ask studerts to
pose intereding problemsbased on a wide variety of
situations. From this, a pedagogical problem arises
How can we teach our prospective secondary
mathematics teachers to pose matemaical problems
so that they, in turn, canteachtheir students to pose
problems?

As a studert of mathemaitcs, | wasnever giventhe
opportunity to pose problems let alone interesing
problems Most of the problems that | solved came
from the textbook and, on rare occasons, from the
teacter. | was certainly contert with this situation
becawse | considered posing problems as a creatve
endeavor beyond my reach

Calls for teaclersto ask studerts to pose problems
(eg., NCTM, 1989) challenged me to find ways of
teacing my studerts how to pose mathemaical
problems Brown and WalterOs(1990) The Art of
Problem Posing mativated me to engage in creating
problems ard, as a reallt, | developed the problem:
posing framework described here This problem-posing
framework calls for the systematic gereration of
problemsusing the following mathematical proceses
proving, reversng, specializing, gereralizing, and
extending. Thes proceses are esertial mears for
discovering new mathematcal patterrs or
relationships.

Posing and solving mathematcal problems are
worthwhile but challenging acivities for prospectve
teaclers As with arny other worthwhile matemaical
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acivity, prospecive teaclers need to be engaged Freudenthal, H. (1973). Mathematics as an educational task.
acively and reflecively in the problem-posing proces Dordrecht, Netherlands: Reidel.

so they can gererae non-trivial, productive, and well- Halmos, P. R. (1980, AugustBSeptember). The heart of
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