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Problem Solving by Analogy / Problem Solving as Analogy

Steve Benson

Everyone talks about how important it is for a
young quarterback to sit on the bench and watch
the game. But instead of learning how to play, all
they learn is how to sit and watch. (A paraphrase of
Mike Ditka on ESPNG® Sunday NFL Countdown,
November 18, 2007)

If current frameworks, standards, and assessmerts
areary indicaton, thereis intermational consersus that
students should be able to solve new (to them)
mathematical problems (OealworldOand otherwise) in
addition to knowing specific facts and performing
basc calculations. Prablem solving as a part of the
mathematics curricllum has gone in and out of favor
for several decaaks perhaps due to the range of ways it
hasbeenapproachedin textbooks and classrooms. Too
often, problem solving is taught very algorithmicaly
and, as mertioned in another article in this issue, is
seenasindeperdert of mathemaical contert. In fact, |
believe that mathemaitcs is learred rhrough problem
solving, so whentaught well, mathemaical contert and
problemsolving carDteally be separaed.

A number of problem solving Ofakits of mindOare
taught explicitly in mathematcs courses at all levels.
Many of these ways of thinking can be traced to
suggedions from How to Solve It and other
publicaions by the father of modern problem solving,
George P7lya (1945, 1954). (In fact, in Volumel of his
Mathematics and Plausible Reasoning, he wrote
extersively about arelogy in mahematcs) | wonOt
redate these suggedions here since most have becane
part of the present day matematcal lexicon, but |
would like to preent some methods and ideasthat |
have found promising in helping my studerts becane
more succesful problemsolvers
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Analogy in Problem Solving

A common trait of expert problem solversis their
ahility to recanize connections betweentwo or more
problem situations and their solution metods. Thatis,
by re-posing a problemin another context, the problem
isoftenmade more tractable.

The Handshake Problem: The twenty members
of the math club met last Tuesday to plan next
month’s annual banquet. A tradition of the club
is to start each meeting by having the members
shake hands with each other. How many
handshakes will occur?

There are two common strateges students (and
others use to approachthis problem. The first is
motivated by the observation that we could
arrarge the club memkers in some order (from
first to twertieth). The counting of the
handshakesusually starts something like this:

The first member shakes hands with each of the
other 19 members, while the second member
shakes hands with 18 others, the third members
shakes hands with 17 people, and so on, until the
19" person shakes one person’s hands and the
20™ person doesn’t shake any. Therefore, the
total number of handshakes is
19+ 18+ 17+ ...+ 2+ 1 =190.

(Of course, the 2™ memter is involvedin a total
of 19 handshakes like all the others but the
handshake with the first member has already
beencounted, so it would be more correctto say
that the 2" memler was involved in 18 more
handshakes the 3" member (who had already
shaken harmds with members 1 and 2) was
involvedin 17 more handshakes and so on.)

The secand strategy usually goes something like
the following: Each of the 20 math club members
would have shaken the hands of the other 19
members, for a total of 20219 = 380 hands being
shaken. But each handshake requires two hands
(or each handshake gets counted twice), so there
are 380/2 = 190 handshakes in all.

Problem Solving and Analogy



Later, when aked to determine a closed form
solution for 1 + 2 + 3 + E + n (determining the nth
triangular number, for example), mary studens
recagnize that this sum corregponds to using the first
method of solving the handshake problem for a group
of n + 1 people. Since the secand solution method

. . n " .
involves the calculation % the students arrive

at a closed form solution to the sum by taking
advartage of this connecton.

Of course, there are several alternative strateges
that would give rise to the solution, but the examfde
servesasanillustration of the point that the ahility to
make connections between apparently dissimilar
problems is something we, as educabrs, hope to
promote in our clases In eachclas | teach | try to
convince my studerts that solving mathematcal
problemsis an exercise in reasoning by analogy. In
fact, we could argue that since eachnew problem is
solved by somelow connecing it to our existing
knowledge, this rea®ning by amalogy is always
happenng in one way or another.

Another (possibly less familiar) examgde came up
recerlly in my Number Theay course for inservice
elemenary and middle school teacters.

How many ways can you spell NUMBERS?
Starting at the top and always moving to adacen
letters in the row direcly below, how many
paths canyou take to spell NUMBERS?
N
U U
MMM
B B BB
E E E E E
R R RRRR
S SS S S S S

As articipated mary students observed that,
starting with the N in the first row, there are 2
choices (right or left) when you move down to
the secand row. Similarly, there are 2 choices
when moving from each subsequert letter, so
there are 2° = 64 different paths that spell
NUMBERS. However, several studerts used a
strategy | dianlexpect however, in retrospect, |
should have foresen it. Thee students kept
track of the number of ways to get to each
individual letter using a metod we had used
earier to count taxicab paths between lattice
points in the coordinate plare, lakeling each
letter asshown below.
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Nl
Ut Ut
M M2 M*
B' B® B® B!
E' E' E° E' E!
Rl RS RlO RlO RS Rl
Sl SG SlS SZO SlS SG Sl
The superscript for each letter represents the number
of paths that start at the top N and lead to that |etter.

Adding up the number of ways to get to each
letter on the bottom row, they also arrived at the
total of 64 paths that spell NUMBERS. One
studert spoke up, (Hey, that gives us a way to
prove that conjecture we made earlieN that the
sum of the ertriesin a row of PasalOsTriargle
is a power of 21QO0f course, | was very happy
that she mack this connecion, but | was even
more pleagd since | knew it had occured
naturally; | hacdhOtOelegraphedOthe strategy for
them since it hachOtoccured to me that anyone

would solve the problemthat way.

The surprising connectons continuedwhen | asked
my students to consider the same quegion with the
following configuration. My goal wasto give the other
studerts an opportunity to use the studentOsnetod we
hadjust discussed

N
Uvu
MMM
B B BB
E E E
R R
S

| had assumed that they would recagnize that there
were 20 ways to get to the S in the middle of the 7"
row, as detemrmined in the previous problem. Most did
as| expected, but one studert looked at it another way.
She noticed that she could labkel the first 4 rows as
before.
Nl
Ut Ut
M! M* M*
B' B® B® B’
E E E
R R
S

But then she started from the S at the bottom and
worked up, noticing there were the same number of
ways to go down to eachB asthere were ways to get
up to them.



Nl
Ut Ut
M! M* M*
Bl,l B3,3 B3,3 Bl,l
E' E*> E?
R' R!
Sl

She then computed the sum 1¥1 + 38 + 3¥3 + 1¥
= 20, using the following explaration. Thereis 1 way
(1¥=1) to spell NUMBERS by going through the first
(leftmost) B. That is, thereis 1 way to get to that B
from the top and only 1 path from that B to the S at the
bottom. There are also 3¥3=9 ways to go through the
secand B, i.e., 3 paths down to the B and 3 paths from
there to S. Identicaly, there are 3¥3=9 ways to go
through the third B. Finally, only 1¥1=1 way exists by
going through the lag B. This strategy yields a total of
1+9+9+1=20pathsthatspell NUMBERS.

Of course, the studerts arerOtthe only ones who
areleaning in aclass thatis based on problemsolving.
As the student wasexplaining her solution, it occured
to me that she had just outlined a very natural,
elemenary proof of the following thearem:

The sum of the squares of the entries in row n of
Pascal@ Triangle is the middle term of row 2n.

n
Thais " (")’ :(2”).
kzo(k) n
Following the studert®dead | wasabe to rea®n
by analogy to seethe connection with another problem
and make a connection | had never seenbefore. Whenl|
gushed about how cool | thought her solution was she
wastaken aback by my surprise, saying, Olthought this
is what you wanted us to do! | wasjust trying to use
what we did before.O
This was gratifying because a common martra |
repeatin clases| teachis, OHbw is this like someting
IOe done before?OBYy this, | do nor mean to give the
impression that problem solving is remembering how
to solve a problem. Rather, being succesful at problem
solving requiresthe ahlity to sift through all the stuff
you know and pick out those facts and tectiquesand
strateg esthat might apply to the problem at hand.

Meta-Problem Solving

Discussion of the actual process of problem
solving is missing from the vad majority of
matemaitcs textbooks, which tend to focus on the
final process of proof. How the author figured out the
solution is often missing, thus leavng the impression
that the author just knew how to solve the problem.
(One rea®n for this could be the tradtional textbook
style, while another is the need of the publisher to
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reduce costs by limiting the amaunt of text and,
therefore, paper.) | know that if IOmnot careful, | can
also give this impression in my classes egecilly if
IOmin a hurry. (When arewe nor in a hurry, though?)
When leadng a discussion of a problem, | attempt to
Ofll in the blarksOwith explarations of my thinking:
What I was thinking here was... or I noticed that this
problem felt similar to ... or I wasn’t sure what to do,
so I decided to try ... | also elicit suggedions from the
class so they wonOtthink the whole discussion was
OsriptedOWe often pursue strateges that 1Gn pretty
sure (or | know) wonOtbe successful, because much
canbe leaned from Oaadends,Oas well. This seems
to convince studerts that | really am figuring out the
problem with them rather than remembering (or just
knowing) how to do it. They see that itOkay if you
donOtknow what to do when you encounter a problem
ard thatthey, too, canfigure out the problems

These discussions of met-problem solvingN the
proceses of trying and failing, trying again and
making partial progress, and so on, that problem
solving ertailsN inevitably involve statemens like
Doing mathematics is like hiking through the woods;
Problem solving is like driving a car; Problems are
Jjust really big Sudoku puzzles.

Analogies of Problem Solving

The use of analogy in solving problemsallows the
solver to connect the familiar (a previously used
method, strategy, or context) to the unfamiliar (a new
problem). Theren lies the power of amalogy. Even
when| try to share my thinking during problemsolving
discussions, studerts have difficulty applying the
methods ard strateges theyOe previously used to
solve a new problem. | had believed this was due to
unfamiliarity with having to solve problems, rather
than exercises dedgned to practice a particular skill or
use a specific, eadly identified, concept. As previously
mertioned, | have always tried to model the problem
solving process in classes but reaizethat at the end of
a problem discussion, even when insisting on student
input for direcion and strategy, | am oftenthe one who
solved the problem. | have repeatdy shared with
students what | consider one of the most importarnt
facts about problem solving: youOrenot expecied to
know how to solve a problem; youOe supposed to
figure out how to solve it. But even after providing
them with many problem solving experiences oftenin
more than one course, mary still have trouble getting
started, saying that theyOrenot sure what the Orght
wayOto solve the problemis. | believe that this is due
to the fact that they don't have a sense for what actual
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problem solving feels like. By building explicit
connections to other activities with which they might
be familiar, | hope my students are alle to feel more
comfortabe with the proceses (and inheren
unceriainty) of problem solving. None of thes
aralogies are perfect, and it is easy to stretch them to
their breakng points, but | have found that each of
them serves as a touchstone for the problem solving
process. |0l explain one in detail.

A Mathematical Hike in the Woods

There areat leas threedifferent ways to go hiking
in the woods. One is to be led down a previously
creaed path, often by an expert whoOstaken the path
before. Another is to follow a path with which you are
alread/ familiar, perhaps after being led along the path
several times The third is to be willing to leaw a
familiar path to try a completely new trail when the
needarises(or just for the heckof it).

Being led on the hike is efficient, if your goal isto
get to the end of the trail. You canseesome sights but
only those you are led to. It is probady the most
comfortade method for the novice hikers because it
isnOtnecesary for them to keep track of where they
are However, this also doesOthelp them learnto get
to placesthat arenot on the trail. Traveling alone on a
path with which you arefamiliaris less efficiert, since
now you donOthave an expert to keepyou on the trail.
However, itOslefinitely more interesing, sinceyou can
choose when and where to stop and how quickly to
walk.

Of course, in order get to a locaion you havenOt
alread/ beento, you must be willing to stray off the
path and possibly blazea newtrail every now and then
Same of thes new locaions might be just off the path,
while othersmay be far away from your comfort zone,
but thee les-traveled sights are often the most
interesing (and educatonal). And eachnew trail you
forge providesyou with new locations you know how
to getto (and return to later).

But mary hikers arerOtnatural explorers It isnOt
likely that someme who has always beenled through
the woods will stray far from the known path. It takesa
rare peron to feel confident emough to take over
leadng the group to the end of atrail (or even backto
where they started) or to choose to lead the group
ertirely off the path just to explore, unless he had been
given the charnce to explore in the pad. Unless it is
your regonsibility to get everyone back to the
trailhead your mind is usually focused on following
the leacer.
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The secand method (taking a path with which you
are familiar but without a leader) is more work, since
you needto pay closer attertion to where you are ard
which branches of the path you needto choose. You
might feel limited to taking the particular path you are
on, but the real fun comes when you veer from the
known path and explore, knowing that if you choose
the left fork and arrive at a dead end, you can always
find your way back and choose the other fork. When
youOrethe leader of the hike (or at leas an acive
participart in the decision making), whenever you
breakoff afamiliar path and look for new sightsto see,
you must be aware of where the familiar path is (in
relation to your currert location) so you donOget lost.

Learning to be comfortabe with straying off the
path (or becaming a trailblazer) comes from
experience, but that experience need not be a solo
effort. A good hike leader will point out trail markers
and share his or her decisions with fellow hikers
letting themin on the thought processes being used as
options are chosen and decisions are made. And
novicescould be encouraged to take charge under the
watchful eye of the hike leacer, who allows them to
make the decisions. Even if the novicesget lost, the
leackr can keep track of their locaion and bring them
back to familiar territory (or help them solve the
problem of finding their way back themslveg. As
novices becane more comfortabe (and experienced)
with making decisions and reaizing that every decision
is revershle, they are more willing (and abe) to
explore on their own.

If novice hikersever find themselvesin unfamiliar
territory, they will have a very difficult time finding
their way out if their only hiking experiencesinvolved
having beenled or traveling on familiar paths. Theren
liesthe key connecion with problem solving. If we are
to help students learnto solve new problemsthat they
havenOtseen before, they need experiencesN guided
ard otherwiseN that allow them to try and fail, try
someting else, and evertually arrive at a solution to
the problem. They arenOtalone, though, because the
teacterhike leackr is there as a safety netN not to
solve the problem for them, but to serve as a mirror,
reflecting their strategesand progress, asking probing
quegions that encourage the novicesto think through
their options. Experienced hikers like expert problem
solvers are able to keeptrack of wherethey are, where
they needto be, and the options availabe to them at
ary given momert. By explicitly discussing these
options and decisions with novices(hikersand problem
solvers), the novices gain an understanding of the
proces and are more likely to be abe to navigate the



paths themslves PTlya (1954) spoke of the
importance of intellecual courageN being read/ to
revise ones beliefs. | like to expard this notion a little
further to include a willingness to perevereevenwhen
you donOtknow whether your strategy will leadto a
solution or to a deadend. IsnOtthat the goal we have
for all our studerts?

Other Analogies of Problem Solving

| leaw it to the reackr to elaborate on further
aralogies and to propose new ones Of course, the list
of amalogiesis endless, for what is life, but a series of
OpoblemsOto solve and situations to explore?

Learning to solvel/learning to drive. Many of the
aralogies with hiking can be transferred to finding
your way araund city strees. | have found mary
problem solving opportunities while driving in the
Boston area Y ou never know whena road, bridge, exit
ramp, or tunnel will be blocked off, often without
detour signs to help you find your way back to your
usual path. And until you arebehind the wheel on your
own, you donOtealize how little you learnby sitting in
the passenger seatand watching someme else drive!

Mathematics as a big Sudoku puzzle. There are
mary connecions with Sudoku and problem solving.

As you solve more puzzles you begn to notice
patterrs (and aralogous confi gurations), develop useful
strateges and become more comfortade with each
succeedng puzzle, recaynizing that every puzzle is
differet and you never know which of the mary
techiqueswill be the most useful on the next one. And
someimes you just have to make a guess ard keep
track of the consequerces of your asumption. If it
turns out you run into a contradction, you just
backirack (thereOghat hiking aralogy again!), charnge
your guess, and continue.

Mathematics as a video game. | conclude by
stating the first Oaalogy of problem solvingO| ever
used in my teachingN a statemert 10 long included
on course syllah:

Mathematics is like a video game; if you just sit
and watch, you®e wasting your quarter (and
semester).
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